ON INDUCTIVE LIMITS OF TYPE I C*- ALGEBRAS WITH 
ONE-DIMENSIONAL SPECTRUM 



ALIN CIUPERCA, GEORGE A. ELLIOTT, AND LUIS SANTIAGO 

Abstract. The class of separable C*-algebras which can be written as inductive limits of 
continuous-trace C*-algebras with spectrum homeomorphic to a disjoint union of trees and 
f*^) ' trees with a point removed is classified by the Cuntz semigroup. 
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1. Introduction 



In recent years the Cuntz semigroup has become an important tool of investigation in the 
theory of C*-algebras, particularly in the work related to the Elliott classification program. 
As an invariant, it plays a significant role in the theory of both simple and non-simple C*- 
algebras (see [25], [3J, [2], [22]). In this paper, we shall show that the Cuntz semigroup is 
effective as an invariant for the class of C*-algebras that can be expressed as the inductive 
limit of a sequence 

A 1 -»■ A 2 -»■ A 3 • • ■ 

where each building block Ai is a separable continuous-trace C*-algebra with spectrum 
homeomorphic to a disjoint union of trees and trees with a point removed. The term tree 
will refer to a contractible one-dimensional finite CW complex, in other words, a contractible 
^ | space obtained from a finite discrete space V whose elements we shall call vertices, by 
attaching a finite collection E of 1-cells, which we shall call edges. Without loss of generality 
Tj- ■ we may assume that a tree is a subspace of the plane. 

Our work can be viewed as a continuation of a number of previous investigations in the 
classification of C*-algebras. The problem of classifying inductive limits of continuous trace 
C*-algebras with spectrum homeomorphic to the closed interval [0, 1] was addressed, and 
results were obtained, in [TT] in the simple case, and in [3J in the not necessarily simple case. 

A particular class of C*-algebras classified in our paper are the C*-algebras obtained as 
sequential inductive limits of building blocks of the form Q)^ =1 M mk (C (X k )), where the 
spaces X k are trees or trees with a point removed. The case that the spaces X k are compact 
received considerable attention in the more classical framework of classification of simple 
approximately homogeneous (AH) algebras, where usage of the classical Elliott invariant led 
to remarkable results. The first such result, the classification of approximate interval (AI) 
algebras, was obtained by one of the present authors in [7], where the situation X k = [0, 1] was 
treated. Important generalizations of this result were obtained, in two different directions. 
On the one hand, the requirement of simplicity for the inductive limit was kept in [T3], where 
Li extended the classification to the case where the spaces X k are trees. On the other hand, 
classification results for certain classes of non-simple AI algebras were obtained by Stevens 
in [23J and by Robert in [T8] . 

In [3J, two of the present authors showed that, for C*-algebras of stable rank one, the Cuntz 
invariant and another C*-algebra invariant — the Thomsen semigroup — determine each other, 
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in a natural way. Using Thomsen's classification result [23], it was inferred that the Cuntz 
semigroup is a complete invariant for the class of separable approximate interval algebras. 
It became apparent that the Cuntz semigroup is a good candidate to be considered in the 
classification of not necessarily simple C*-algebras. 

The main result of the present paper states that the Cuntz semigroup functor classifies 
the *-homomorphisms from a sequential inductive limit of separable continuous-trace C*- 
algebras with spectrum homeomorphic to a disjoint union of trees and trees with a point 
removed to a C*-algebra of stable rank one: 

Theorem 1. Let A be a sequential inductive limit of separable continuous-trace C*-algebras 
with spectrum homeomorphic to a disjoint union of trees and trees with a point removed. Let 
B be a C*-algebra of stable rank one. Suppose that there is a Cuntz morphism a: Cu(A) — > 
Cu(-B) such that ch[sa] < [ s b], where sa and sb are a strictly positive element of A and any 
positive element of B, respectively. It follows that there exists a *-homomorphism 0: A — >• B, 
unique up to approximate unitary equivalence, such that Cu(0) = a. 

It follows from this theorem that the invariant consisting of the Cuntz semigroup to- 
gether with a distinguished element of it classifies sequential inductive limits of separable 
continuous-trace C*-algebras with spectrum homeomorphic to a disjoint union of trees and 
trees with a point removed: 

Corollary 1. Let A and B be sequential inductive limits of separable continuous-trace C*- 
algebras with spectrum homeomorphic to a disjoint union of trees and trees with a point 
removed. Let sa and sb be strictly positive elements of A and B, respectively. Suppose 
that there is a Cuntz semigroup isomorphism a: Cu(A) — > Cu(£>) such that o:[sa\ = [sb]- 
It follows that there exists a ^-isomorphism <ft: A — > B, unique up to approximate unitary 
equivalence, such that Cu(0) = a. 

Note that, as a consequence of Corollary [1] and Li's result [H], the Cuntz semigroup and 
the Elliott invariant both classify the simple sequential inductive limits of building blocks of 
the form M mfe (Co(^fc)), where the spaces are trees. This is not surprising, since 

for a large variety of simple C*-algebras, the Cuntz semigroup can be recovered functorially 
from the Elliott invariant, as proved in pQ and, in the non-unital case, [12J. 

2. Preliminary definitions and results 

2.1. The Cuntz semigroup. For a C*-algebra A, let us denote by A + the set of positive 
elements of A, and by A the unitization of A. The following definition of the Cuntz semigroup 
is different from the original definition given in [5], in that, in addition to positive elements 
in matrix algebras over A, also positive elements in A <g> K. are considered (/C denotes the 
algebra of compact operators on a separable Hilbert space). As shown in [3], this form of the 
definition is very useful. (The relation between the two definitions for a non-stable algebra 
is not known, except — see [1] — in the case of stable rank one.) 

Definition 1. Let a and b be positive elements of A®K. Let us say that a is Cuntz smaller 
than b, denoted by a =4 b, if there exists a sequence (d n ) n< z^ in A® K such that d n bd* n — > a. 
The elements a and b are called Cuntz equivalent, written a ~ b, if a ^ b and b ^ a. 

It is immediate that =^ is a pre-order on the set of positive elements of A <g> /C, so that ~ 
is an equivalence relation. Given a G (A <g> JC) + let us denote by [a] the Cuntz equivalence 
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class of a. The Cuntz semigroup of A, denoted by Cu(A), is defined as the set of equivalence 
classes of positive elements of A endowed with the order derived from the pre-order relation 
^ (so that [a] < [b] if a =4 b), and the addition operation 



where the positive element inside the brackets in the right side of the equation above is 
identified with its image in A® K by any isomorphism of M 2 (A®/C) with A®1C induced by an 
isomorphism of /C and M 2 (/C). If 0: A — > B is a *-homomorphism from the C*-algebra A to 
the C*-algebra B, then it induces an ordered semigroup morphism Cu(0) : Gu(A) — > Cu(B) 
defined on the Cuntz equivalence class of a positive element a G A <g> K, by Cu(0)[a] = 
[(</> <8> id) (a)], where id: /C — > /C denotes the identity operator on /C. 

It was shown in [1| that Cu(A) is an object in the the category Cu of ordered abelian 
semigroups with zero with the following additional properties: 

(i) every increasing sequence has a supremum; 

(ii) each element is the supremum of a rapidly increasing sequence, by which is meant 
a sequence such that each term is compactly contained in the next, where we say that an 
element x is compactly contained in an element y, and write x <C y, if whenever y < sup y n 
for an increasing sequence (y n )neN, then eventually x < y n ; 

(iii) the operation of passing to the supremum of an increasing sequence and the relation 
<C of compact containment are compatible with addition. 

The maps in the category Cu are ordered semigroup maps preserving the zero element, 
suprema of increasing sequences, and the relation of compact containment. In Theorem 2 of 
[1], the authors prove that the Cuntz semigroup constitutes a functor from the category of 
C*-algebras to the category Cu, and that this functor preserves inductive limits of sequences. 

We will also make use of another, stronger, equivalence relation among positive elements 
of a C*-algebra. 

Definition 2. Let a and b be positive elements of a C*- algebra A. We will say that a is 
Murray-von Neumann equivalent to b if there exists x G A such that a = x*x and b = xx* . 

The following result (the proof of which is included for the convenience of the reader) will 
be useful on several occasions. 

Lemma 1. Let A be a C*-algebra. Let a andb be positive elements of A such that \\a— b\\ < e. 



Proof. Since \\a — b\\ < e, we have a < b + elj, where 1^ denotes the unit of the unitization 
of A. By Proposition 1.3.8 of [17] we have 




Then 



a 



1/2 -6 1/2 || < yfe. 



a 



/2< (6 + el ^l/ 2 < 6 l/2 + llv/i _ 



By symmetry, 



Therefore, 



a 



1/2_ 6 1/2|| < ^ 



□ 
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The following proposition is a restatement in terms of positive elements of Theorem 3 of 
[I]. For the convenience of the reader we include a proof of this statement. 

Lemma 2. Let A be C*-algebra, and let B be a hereditary subalgebra of A of stable rank 
one. Let 5 > 0. If x,y G A are such that xx*,yy* G B, x*x G y*Ay, and 

(2.1) \\x*x - y*y\\ < 5, 

then there exists a unitary U in the unitization of B such that 

\\x — Uy\\ < V6. 

Proof. Let x = V\x\ and y = W\y\ denote the polar decompositions of x and y in the bidual 
of A (we use the notation \x\ for the element (x*x)*). Set V|a;|W* = z. It is clear that 
z G xA. Also, z G Ay* since by assumption x*x G y*Ay. Therefore, z G B. 

Let e > (to be specified later). Since B has stable rank one there exists an invertible 
element z' in the unitization of B such that 

II 2 — z'|| < — , |||z| — U'HI < -. 

Denote by U G B the unitary in the polar decomposition of the invertible element z'. It 
follows that 

\\z-U\z\\\ < \\z-z'\\ + \\U\z'\-U\z\\\ <\ + \ = t- 

Hence, 

(2.2) \z- V\z\\ < e. 

We have the following estimation: 

|| x _ Uy\\ = \\V\x\ - UW\y\\\ < \\V\x\ - UW\x\\\ + ||CW|z| - tW|y||| 
< ||V|a:|W* - Z7W|j:|W*|| + \\\x\ - \y\\\ = \\z - U\z\\\ + \\\x\ - \y\\\. 

From Equation (12. lh we have |||x| — \y\\\ < y/6. Taking e = y/5 — \\\x\ — \y\\\ in Equation 
( 12. 2 p and using the preceding estimation we conclude that 

\\x — Uy\\ < \\z — U\z\\\ + |||x| — \y\\\ = y/5. 

□ 

Proposition 1. Let A be C*-algebra. If a,b G A + are such that a =^ b, and the hereditary 
subalgebra bAb has stable rank one, then a is Murray-von Neumann equivalent to an element 
of bib. 

Proof. Since a =^ b, it follows by Lemma 2.2 of [13] that there are elements x n G A, n = 
1, 2, • • • , such that 

1 

~ 2^ 



x n xl G bAb. 



(Given a positive element a and a real number t, we denote by (a — t) + the evaluation of a 
in the function Cf(x) = max(x — t, 0), for x > 0.) 
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For each n > 1, let us apply Lemma [2] to the elements x n and x n+ \. Then there exists a 
unitary {7 n such that \\x n — U n x n+ i\\ < For each n > 1 set • • - Un-x^n = ^4- We 
have 
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and ||a4 — < It follows that the sequence (x' n ) ne ^ is a Cauchy sequence and hence 

it has a limit. Let us denote by x the limit of (x r n ) ne ^. Then 



x*x = lim(a/ n ) V n = lim ( a - ) = a. 



Also, xx* = lim n 2^(24)* G bAb. □ 

2.2. Generators and relations. Throughout this paper we will only consider trees that 
are realized as subsets of C, with edges line segments of length 1. Note that any tree is 
homeomorphic to one in this class and so we do not lose any generality with this assumption. 

Let (X,v) be a rooted tree, that is to say, a tree X with a specified vertex, or root, v 
and with edges oriented with the natural orientation, away from the root. Let us denote by 
E(X, v) the set of edges of X with their respective orientations. Given two edges t\ of e 2 of 
(X, v), we will say that e 2 is next to e± if the terminal vertex of e\ is the same as the initial 
vertex of e 2 . We will say that e\ is beside 62 if the initial vertex of e\ is the same as the initial 
vertex of e 2 . The orientation of the edges of X induces an order in the set of edges E(X, v). 
Given two edges e and e', let us write e < e' if there is a sequence of edges e±, e 2 , ■ • • ,e n with 
e\ — e and e n = e' such that e i+ \ is next to for all i. 

Let us consider the C*-algebra Cq(X \ v) of continuous functions onlCC that vanish 
at the point v. To each edge e of (X,v) we associate the positive element g e of Gq{X \ v) 
given by 

{x, x G e = [0, 1], 
1, xex ej 
0, xGX\(X e Ue), 

where X e denotes the subtree of X consisting of the edges e' of (X, v) that are less than 
the edge e. In the equation (12. 3p we are identifying the edge e with the interval [0, 1] in 
such a way that the initial and terminal points of e are identified with the points and 
1, respectively. Let us denote by G(X,v) the set of elements g e with e G E(X,v). In the 
proposition below it is shown that G(X,v) generates the C*-algebra Cq(X \ v). 

Given a rooted tree (X, v), let us denote by G*(X, v) the universal C*-algebra on generators 
(h e )e£E(x,v) — one generator h e for each edge e — subject to the relations 

h e >0, ||MI<!> 

(2.4) h ei h e2 = 0, if ei is beside e 2 , 

h ei h e2 = h e2 , if e 2 is next to e\. 

Sometimes, in order to avoid confusion, we will write h{ x ' v ^ instead of h e for the generators 
of the C*-algebra C*(X,v). The same notation will be used when referring to the elements 
g e ofC (X\v). 
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Proposition 2. Let (X,v) be a rooted tree. Then the C*-algebra C*(X,v) is isomorphic to 
the C*- algebra Cq{X \v), by means of 

(2.5) h e ^g e eC (X\v). 

Proof. The set of elements (g e )eeE{x,v), with g e defined in Equation (12. 3p . is a represention 
of the relations (12 .4p in the C*-algebra C Q (X \v). It follows by Lemma 3.2.2 of |T5] that 
there exists an isomorphism from C*(X,v) to Cq(X \ v) such that (12.51) holds, if and only 
if: (1) the elements g e , e G E(X,v), generate the C*-algebra Co(X \ v); and (2) for any 
*-homomorphism 0: C*(X, v) — > C there exists a *-homomorphism ip : Cq(X \ v) — Y C such 
that <p(h e ) = if)(g e ). (Here we are also using that the C*-algebra C*(X, v) is commutative, 
since by the relations (12. 4p the elements h e , e G E(X,v), commute with each other.) 

Let e' be an edge of (X, v). The sub-C*-algebra of C (X \ v) generated by the element 
g e i consists of the continuous functions on X that are constant on the set IJ e >e' e -> anc ^ zero 
on the set X \ (U e > e ' e )- These functions, when e' varies through the set E(X, v), clearly 
generate the C*-algebra C (X \ v). This shows that Condition (1) is satisfied. 

Let 0: C*(X, v) — > C be a *-homomorphism. Then the numbers <f)(h e ), e G E(X,v), 
satisfy the relations (12. 4p . It follows from these relations that the set of edges of (X, v) such 
that 4>(h e ) 7^ consists of a sequence of edges ei, 62, • • ■ , ek, such that the initial vertex of 
ei is v, and e^+i is next to e« for all i. Moreover, we have <p{h ek ) > 0, and <fi{h ei ) = 1 for 
1 < % < k. Let x be the point in such that g ek {x) = <p{h ek ). Then the *-homomorphism 
■0: Co(X \ v) — > C such that 4>(f) = f{x) satisfies ip(g e ) = (fi(h e ) for all e G E(X, v). This 
shows that Condition (2) is satisfied. □ 

2.3. Continuous-trace C*-algebras. Let A be a C*-algebra and let A denote the spec- 
trum of A. A continuous-trace C*-algebra is a C*-algebra A which is generated as a closed 
two-sided ideal by the elements x G A + for which the function tt — > Tr(7r(x)) is finite and 
continuous on A. 

In this paper we make use of the following fact about continuous-trace C*-algebras (see 
16]): 

Proposition 3. Let A be a continuous-trace C*-algebra such that H 3 (A, Z) = 0. Then A is 
stably isomorphic to Co (A). 

In particular, the proposition above can be applied to the case that the spectrum of A is 
a finite disjoint union of trees and trees with a point removed. 

3. The pseudometrics d[f and c%'^ 

Given a C*-algebra A and a rooted tree (X, v), let us denote by Hom(C (X \v), A) the 
set of *-homomorphisms from C (X \ v) to A, and by Mor(Cu(C (X \v)), Cu(A)) the set of 
Cuntz semigroup morphisms from the Cuntz semigroup of Co(X\v) to the Cuntz semigroup 
of A. In this section we will define pseudometrics d^'^ and d\^' vS> on these sets, and in 
Theorem [3] we will prove that these pseudometrics are equivalent. 

Given 0, ip G Hom(Co(X \ v), A) we define g^'^(0, ip) by the formula 

d^' v \<j>^) := inf sup M(g) - iril>(g)U\\, 

U£Ag£G(X,v) 
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where A denotes the unitization of A, and G(X,v) denotes the set of generators of the 
C*-algebra C (X \ v) corresponding to the edges of X as in (12.31) . 

In order to define the pseudometric d^'^ let us consider first the special case (X, v) = 
([0, 1],0). The pseudometric d^' 1 ^' ^ — or, for short, d w — was defined in [3j by Ciuperca 
and Elliott. Given Cuntz semigroup morphisms a, (3: Cu(Co(0, 1]) — > Cu(A) the distance 
between a and (3 is defined by 



(3.1) dw(a, 0) :— inf /r G 



a{(id-t-r) + ) </3[(id-t) + ], fnrflll _ 
0[(id-t-r) + ]<a[(id-t) + ], toralltG 



where id denotes the identity function on (0, 1], and (id — £) + denotes the positive part of 
the function id — t, for t G R. 

Now let us consider a general rooted connected tree (X, v). For each generator g G G(X, v) 
let Xg : Co(0, 1] —> Cq(X\v) denote the *-homomorphism such that X 9 (id) = 9- Let us define 
d$' v) on the set Mor(Cu(C (X \ v)), Cu(A)) by 

(3.2) df£' v \a,P):= sup d w (at o Cu(x g ), (3 ° Cu(x g )). 

geG(X,v) 

Since dw is a pseudometric (see [3]), d^'^ is also a pseudometric. In the following proposition 
we show that when the C*-algebra A has stable rank one d!^'"^ is actually a metric. 

Proposition 4. Let A be a C*-algebra and let (X, v) be a rooted tree. The following state- 
ments hold: 

(i) If the C*-algebra A has stable rank one, then d^'^ is a metric. 

(ii) The space Hom(Q)(X \v),A) is complete with respect to the pseudometric d^' v K 

Proof, (i) Let (X,v) be a rooted tree, and let a, (3: Cu(Co(X \ v)) —> Cu(^4) be Cuntz 
semigroup morphisms such that d\^' v \a,/3) = 0. We need to show that a = (3. 

By Theorem 1 of [TH], Cu(Co(X \ v)) is naturally isomorphic (by a Cuntz semigroup 
isomorphism!) to the semigroup of lower semi continuous functions from X\t>toNU{oo} 
with the pointwise addition and order. The isomorphism is given by the rank map: 

(3.3) Cu(C Q (X\v)) 3 [a] i-> {(X \ v) 3 x i-> rank(a(x))}. 

Let us denote the set of lower semicontinuous functions from X\wtoNU{oo}by Lsc(X \ 
v, NU {oo}). Let / G Lsc(X\ v, NU {oo}). Then / = ^°^ tu t , where the sets Ui are defined 
as Ui = {x \ f(x) > i}, for all i. Moreover, the sets Ui, i = 0, 1, • • • , are open since / is 
lower semicontinuous. For each open set Z7», % = 1, 2, • • • , there exists a sequence {Uij) c *L l of 
pairwise disjoint open connected subsets of X \ v such that Ui = (Jj=i Uij- Since 

oo oo oo 

i=0 i=0 j=0 

it follows that / = sup n , r „ \-i\ r 

Let us show that a(tu) — $(^-u) f° r an Y open connected subset U of X \ v. It will follow 
from this that a = (3, since the Cuntz semigroup morphisms a and (3 are additive and 
preserve suprema of increasing sequences, and any function in Lsc(X \ v, N U {oo}) is the 
supremum of an increasing sequence of finite sums of characteristic functions of open subsets 
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of X\v, as shown above. By assumption, d w ' v (a, (3) = 0. Hence, from the definition of the 
pseudometric d^'^ (see Equation (13.21) ) 

d w (a o Cu(x g ), p o Cu(x g )) = 0, 

for all g G G(X, t>), where Xg : Q)(0, 1] — >■ Co(X \ v) is the *-homomorphism defined by 
x(id) = g. Since the C*-algebra A has stable rank one dw is a metric, as it was shown in 
[3] (or in Proposition 2 of J20]). Therefore, a o Cu(x 9 ) = P o Cu(xg) for & U 9 £ G(X, u). In 
particular, ct[(g e — e)+] = /3[(<7 e — e) + ] for each e G E(X, t>), and each e > 0. Let us denote 
by XI the subset of X \ v consisting of the edges of (X, v) that are less than e, and the 
points of e that are at a distance strictly larger than e from the initial vertex of e. Then 
rank((g e — e) + ) = Ixj- It follows that a(lxj) = /3(lxj) for each e G E(X, t>), and each 
e > 0. Note that each set X\ is hereditary in the sense that, if x G X\ and y < x (a 
point ?/ is less than a point x if the non-overlapping path from y to the root v contains x), 
then y G Also note that every hereditary open subset of X \ v is the union of a finite 
number of pairwise disjoint sets that have the form X|, for some e G E(X, v) and some e > 0. 
Therefore, a(tjj) = /3(lu) for every hereditary open subset U of X \ v. 

Let (7 be a connected open subset of X \ v. We can choose a sequence of open subsets 
(Ui)^ such that U = USi an d sucn that f° r eacn * = 1, 2, • • • , there is a compact set i£j 
such that Ui C Ki C U + i. It follows that tjj — sup, 1^, and 1^ <C for all i > 1. In 
addition, for each 2 = 1, 2, • • • , we can chose a hereditary open subset C X \ v such that 
U U Vi is hereditary, U .Kj is compact, and fl Ui = 0. Hence, Vi is such that 

a(t Vi ) = P(l Vt ), a(Wj = /3(WJ, 

We have 

«(lc/J + «(lyJ =a(l^uvj 

< a(l[/ l+1 uvj 

< a(Wj = /?(WJ 
</3(l^+/3(Vj 

= /3(l C7 ) + a(l y J. 

More briefly, 

a(l C r 1 ) + a(lv i )</3(lcr) + a(lv i ). 
Hence by Theorem 4.3 of [21j, 

< P{tu). 

Taking the supremum over i > 1 and using that If/ = sup^ 1^ we conclude that ot(lu) < 
By symmetry, < a(tu)- Therefore, we have oe(Tu) = P(lu) for every open 

connected subset of X \ v. This concludes the proof of the statement (i). 

(ii) Let (0n)neN be a Cauchy sequence with respect to the pseudometric d!^ ,v \ Then there 
exists a subsequence (4> ni )im °f (0n)neN such that 

( 3 - 4 ) dv^ttni^m+i) < 2^T, dv' ,V \ ( l ) n v 4>n) < 
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for each i G N, and each n > Tij. It follows from the definition of the metric djf , and from 
the first inequality above, that there exist unitaries C/j G A, % = 1, 2, • • • , such that 

\\<f> ni (9)-U*4>n i+1 (g)Ui\\ < gi+T' 

for all (7 G G(X, v). For each z > 1, set Ad(£/j_i£7i_2 • • • tA) o n . = 0^.. Then for each g G 
G(X, v), the sequence (0^(50)^ is Cauchy in the norm topology. Hence, it converges. For 
each g G G(X, v), let us denote by g the element linij0 n .(g). Then the set {g \ g G G(X, v)} 
is a representation of the relations (12 .4p in the C*-algebra A. Therefore, by Proposition |2j 
there exists a *-homomorphism 0: Co(X \ — > A such that 0(g) = g, for all g G G(X, t>). 
Using the triangle inequality and the second inequality in Equation (13.4p we have 

d$' V \<t> n , 0) < rf^(0n, 0nj + d¥' V) (<t> ni , 4>'J + d$> V \<t>' nv 0) 

< + + 4^(4, 0) = + 

for each i G N, and for each n > n^. It follows that d^' v \(j) n ,(j)) — > when n — >• 00. 
Therefore, the pseudometric g^'^ is complete. □ 

Lemma 3. Let A be a unital C*-algebra of stable rank one, and let X be a tree. Consider 
two Cuntz semigroup morphisms a, (3: Cu(C(X)) — >■ Cu(v4) such that a([lx)) = /3([lx])> 
where lx denotes the unit ofC(X). Then 

(3.5) d w (a o Cu(x g ), /3 o Cu(x g )) = d w (a o Cu(xi-g), Cu(xi- ff )), 
for any element < g < 1 of C(X), where Xg o,s above takes id G Co(0, 1] to g. 

Proof. Let < g < 1 in C(X) be given. Let us denote by Xg t ne *-homomorphism from 
C[0, 1] to C(X) such that XgQd) = 9 and X<?(l[o,i]) = 1 x- Note that Xg|c (o,i] = Xg and 
that, in the obvious sense, Xg|c [oi) = Xi-g- Using the definition of the pseudometrics 
d w = c4°' 1] ' 0) and d^ we have ' 

d w (a o Cu(x fl ), ° Cn(x 9 )) = d w (a o Cu(x 9 ), /? o Ou(x ff )), 

d w (a o Cu(xi- 9 ), /8 o Cu(xi_ s )) = d^' 1],1) (a o Cu(x 9 ), P ° Cu(x s )). 

Therefore, in order to show that equality (13. 5p holds it is enough to show that dw(oc, 0) = 
d^?' (ok, y9) for all Cuntz semigroup morphisms a,/3: Cu(C[0,l]) — > Cu(A) such that 
a([l M ])=)9([l M ]). 

By Theorem 1 of [19] the Cuntz semigroup of C[0, 1] is isomorphic to the set of lower 
semi continuous functions from [0, 1] to N U {00} with pointwise addition and order. Under 
this identification the element [(id — t) + ] G Cu(C[0, 1]) corresponds to the characteristic 
function of the set (t, 1]. We will denote this function by l(t,ii. Let r > 0. It follows from 

the definition of dw and that 

(3.6) d w (a,(3)<r^ ^ ( ! (t+r ' 1] ^ for all t G R + , 

(3.7) dg^W) < r O ±H 7 for all f G R+. 
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In order to show that dw(at, /3) = dyy (at, /3) it is enough to prove that dw{ct,(3) < r 
implies d^' 1 (a, 0) < r for all r G R + , and vice versa. 

Let us suppose that dw(a, (3) < r. Then for all e > we have (somewhat as in [3]) 

a(l [0 ,t_ 6 )) + a(l (t _ e ,i]) < a(t m ) < a(l [0>1] ) = 0(t m ) 

</3(l [0 , t+r ))+/3(l {t+r _ £ ,i]) 

</3(l [0)t+r ))+a(l (t _ e>1] ) 

(we are using relation (I3.6P in order to obtain the last inequality above). By Theorem 1 of 
[9] (or by Theorem 4.3 of [21J) we can cancel a(l(t_ ej ii) from both sides of the preceding 
inequality. Thus, we obtain a(l[o,*- e )) < /?(l[o,t+r))- Since e is arbitrary and a preserves 
suprema of increasing sequences, 

a(l[o,t)) = a(supl[ ,t- e )) = sup a(t[ 0>t -e)) < 0{t[o, t+r ))- 

So, a(l[o,t)) < /3(l[o,t+r))- Interchanging a and 0, as we may, we have /3(l[ 0) t)) < at(l[o,t+ r )). 
Hence, cfp^ < r by relation (13.71) . This shows that 

4 0,11 'V,/3)<Ma,/?)- 
The opposite inequality follows by symmetry. □ 

Theorem 2. Let A be a C*-algebra of stable rank one and let (X,v) be a rooted tree. Let 
<j), ip : Cq(X \v) — > A be *-homomorphisms. Then for all e > there exists a unitary U in A 
such that 

(3.8) U(g) - U*4>(g)U\\ < (2N + 2)^(Cu(0 ° Xg), Cu(^ o Xg )) + e 
/or o G G(X, u), where N denotes the number of edges of X . 

Proof. We will use mathematical induction on the number of edges N of the tree X. When 
iV = 1 we can identify the rooted tree (X, v) with ([0, 1], 0). In this case the inequality (13.81) 
was shown in the proof of Theorem 4.1 of [3] (for an explicit proof see Theorem 1 of [20]). 

Now let N > 1 and let us assume that the theorem holds for all rooted trees with number 
of edges strictly less than N, and in each case for an arbitrary C*-algebra of stable rank one 
in place of A. Let us show that the theorem holds for all rooted trees with N edges. Let 
(X,v) be a rooted tree with iV edges and let 0, ip: Cq{X \ v) — > A be *-homomorphisms. 
Let us denote by <fi, tp: C(X) —> A the unitizations of 4> and ip. Then <fi ° Xg = 4> ° Xg an d 
■0 o x g = i> ° Xg- It follows from these identities that the inequality (13. 8p holds for the *- 
homomorphisms (f) and ip if and only if it holds for the *-homomorphisms </> and ip. Therefore, 
we may assume that the *-homomorphisms and ip have domain C(X), codomain A, and 
that they are unital. 

Let us show that there is no loss of generality to assume that the number of edges of X 
having v as a vertex is strictly larger than one. Assume that v is a vertex of only one edge of 
X, say e. Denote by v' the other vertex of the edge e. Since the number of edges of the tree 
X is strictly larger than one, v' is a vertex of more than one edge of X. From the definition 
of the set of generators G(X, v') we see that it is obtained from the set G(X, v) by replacing 
the generator g e associated to the edge e by the function 1 — g e G C (X \ v'). That is to say, 

(3.9) G(X, v') = (G(X, v) \ {g e }) U {1 - g e }. 

10 



Now if we apply Lemma[3]to the C*-algebra A and to the Cuntz semigroup morphisms Cu(0) 
and Cu(ip) we see that the inequality (13. 8 p remains unchanged if a generator g is replaced by 
1—g. This observation together with the equation ( 13. 91) implies that the *-homomorphisms (ft 
and ij) satisfy the inequality (13. 8 j) for all g in G(X, t>) if and only if they satisfy this condition 
with v' in place of v. Thus, we may assume that v is a vertex of more than one edge of X. 
Let us denote by ei, • • • , e& the edges of (X, u) with v as a vertex, and by v%, V2, • • ■ , 
their second vertices, respectively. Denote by g ei ,g e2 ,--- ,g ek G G(X,v) the generators of 
Co(X \ v) associated to e±, • • • , e^. Suppose that the number of indices i such that 

d W {Cu{<f) O X g ei ), Cu{lp O X g H )) = 1, 

is strictly larger than one (note that by the definition of the metric dw we have dw(oc, (3) < 
1 for all Cuntz semigroup morphisms a and 0). Changing the numbering of the edges 
e±, e2, ■ ■ ■ ,ek if necessary, we may assume that 

(3.10) d w (Cu(0o Xgei ),Cu^o Xgei )) = l, forl<2<A;', 
d w (Cu(0 o Xg H ), Cu(ip o Xge .)) < 1, for k' <i<k. 

Denote by Y the subgraph of X consisting of the edges e of (X, v) such that either e < e« 
for some 1 < i < k, or e = for some k' < i < k. Let us define an equivalence relation 
~ on y by taking Uj ~ fj for every 1 < z, j < k', v j ~ u for every 1 < i < A;', and x ~ x 
for every i6Y. Then the set (Y', [fi]), where V = Y/~ and [vi] denotes the equivalence 
class of Vi, has the structure of a rooted tree. The edges and the vertices of (V, [vi]) are 
defined to be the images by the quotient map of the edges and the vertices of Y. In addition, 
the C*-algebra Co(y' \ [v\]) is isomorphic to the subalgebra of Co(X \ v) generated by the 
elements g e G G(X,v) such that e is an edge of Y. Let 4>',ip': Go(Y' \ [vi]) — > A denote 
the *-homomorphisms induced by the restrictions of the *-homomorphisms <fi and ip to the 
subalgebra of C (X \ v) generated by the elements g e G G(X, v), with e an edge of Y. By 
the inductive hypothesis and using that the number of edges of (Y f , [vi]) is strictly less than 
N we have that given e > there exists a unitary U G A such that 

U\g) - U*^{g)U\\ < (2N + 2)^(Cu(0' o Xg ), Cu(V' ° X g )) + e, 

for all g G G(Y', [u x ]). It follows that 

(3.11) \\4>(g e ) - U*ij(g e )U\\ < (2N + 2)d w (Cu(4> o Xg J, Cu(^ o X J) + e, 

for every edge e of F. By Equation (13 . 1 0[) the inequality above also holds for the edges 
e±,e2, ■ ■ ■ ,ey since the left side of the inequality (13.111) is less than or equal to two, and 
N > 1. Using that the edges of (X, v) consist of the edges of Y and the edges e±, 62, ■ ■ ■ , ey 
we conclude that the inequality above holds for all e G E(X, v). It follows that the statement 
of the theorem holds for the rooted tree (X,v). Therefore, we may assume that 

d w (Cu((f)oxg e ),Cu(iljoxg et )) < r< < 1, 

for i — 1, 2, - • • , k and some positive numbers ?y 

By the definition of the pseudometric dw, the preceding inequality implies that 

<P{{g ei - n)+) = (0OeJ - n)+ 4 V'OeJ, 
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for each i = 1, 2, • • • , k. Applying (ii) of Proposition [T] to the elements (f)((g ei — r i)+) and 
ip(g ei ), we obtain elements Xi G A, i — 1, 2, • - • , k, such that 

(3-12) (f)((g et - r») + ) = x*x h x { x* G i)(g ei )Aip(g e .). 

Note that the elements Xj satisfy the orthogonality relations = for i 

j (this holds because the elements g ei are pairwise orthogonal). Set Yli=i x i = x -> an d 
consider the polar decomposition x = V\x\ of x in the bidual of A. From the orthogonality 
relations satisfied by the elements x^ it follows that x^ = V\xi\. This last identity implies 
that the restriction of the map Ad(V*) o to the C*-algebra (g £i — ri) + C Q (X \ v) is a *- 

homomorphism with image contained in the hereditary subalgebra ip{g ei )A%l){g ei ) of A, for 
each i = 1, 2, • • • , k. 

For each i G {1, 2, • • • , k} let us denote by Xi the closure (in C) of the spectrum of the 
algebra (g ei — ri) + C (X \ v), and by Wi G Xi the point on the edge ej that is at distance r, 
from v . The set Xi C X can be given the structure of a tree by defining its vertices to be 
the vertices of X that belong to Xi, together with the point u>,. The edges of Xi will simply 
be the edges of X that are subsets of Xi, together with the part of the edge that belongs 
to Xi. (We will refrain from insisting here that an edge has length one.) It follows from the 
fact that k is at least two that the number of edges of Xi is less than or equal to N — 1. 
Note that the C*-algebra (g £i — rj) + C (X \ v) is just C (Xj \ Wi). 

The restrictions of the maps Ad(V*) o and ip to the C*-algebra Co{Xi \ Wi) are *- 

homomorphisms with images contained in the hereditary subalgebra ip(g ei )Aip(g ei ). There- 
fore, by the inductive hypothesis, for each fixed e > there exists a unitary Ui, in the 

C*-algebra generated by the hereditary subalgebra ip(g ei )Aip(g ei ) and the unit of A, such 
that 

\\V<f>(g)V* - U^igpiW < 2Nd w (Cu{Ad(V*) o 4> o Xg ), Cu(V o Xg )) + e 

= 2Nd w (Cu((f) o Xg ), Cu(^ o Xg )) + e , 

for all g G G(Xi,Wi). Replacing Ui by a scalar multiple if necessary, we may assume that 

Ui — 1 G ip(g ei )Aip(g ei ). Set 1 + Y^i=i(^i — 1) = U. Then U is a unitary element of A since 
the elements Ui — 1 are pairwise orthogonal. Furthermore, for each % = 1, 2, • • • , k, we have 
C/*VG?)^ = ^(0)^ for all <? G GpQ, Wj). Thus, 

(3.13) ||^(p)V^* - U*iP{g)U\\ < 2Nd w {Cu{4> o Xg ),Cu(ij o Xg )) + e, 

for all g G Uf=i GpQ,^). 

Recall that is the partial isometry in the polar decomposition of the element x = Yli=i x «> 
where the elements Xi are given in the equation (I3.12I) . It follows by (i) of Proposition [1] that 
for any 5 > there exists a unitary W G A such that 

\\V\x\ - W\x\\\ < 5. 

Hence for any 5 > and any finite subset F of the hereditary subalgebra there exists 

a unitary W G A such that 

\\VyV* - WyW*\\ < 5, 
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for all y E F. In particular, if we take F = Ui=i Wi), and S small enough, we find that 

the inequality ( 13 . 13[) still holds if the partial isometry V is replaced by a suitable unitary 
W. Set UW = U'. Then 

(3.14) - (U'THgWW < 2Nd w (Cu(<t> o Xg ), Cu(^ o Xg )) + e , 

for all g G (Ji=i u>j). Let us show that the unitary [/' satisfies the conditions of the 

theorem. According to the tree structure given to the set Xi for each i — 1, 2, • • ■ , k, we 
have that all the elements of G(X i; u>j) belong to G(X, t>) except for = j— : (g ei — rj)+ (this 
function, restricted to Xj, is the generator of C(Xj,Wj) that corresponds to the (short) edge 
Xi fl e^; in other words, it is the generator ^nej- in fact, 

fc k 

(3.15) G(A» = |J(G(^,^) U {g ei })\\J{fi}. 

i=l i=l 

So, in order to show that the inequality (13.81) holds for the *-homomorphisms <fi and and 
the unitary U', it is enough to check that it holds for the elements g ei . (For the rest of the 
elements of G(X,v) it holds by f l3.14|) and (I3.15p .) By the definition of the metric dw, 

d W {Cu{<f) O Xfi ), Cu{lp O Xf .)) = —^—d W (Cu{<p O X(g £ -r t ) + ), Cu(lf) O X(g H -r t )+)) 

-L ' i 

< j—d w {Gu{<f> o X g Ei ), Cu{ip o Xge .)). 
Since dw(Cu((f> o Xg e .), Cvl(i/j o Xg e .)) < r i (by hypothesis), it follows that 

T ■ 

cMCu(0 ° Xfi), Cu{4j o x^)) < — —■ 

1 T{ 

By the inequality (13. 14ft with g = fa, it follows that 

2/VY- 

H0(/i)-(W(/i)^ll<TTr L + c ' 



for z = 1, 2, « • • , k. Hence, 

(3.16) ||0((^ - n)+) - {U')*^{{g ei - r^^U'W < 2Nr t + (1 - r t )t < 2Nr, 4 

for i = 1, 2, • • • , k. 

By the triangle inequality, 

U(g ei ) - (U')^(g ei )U'\\ < U{g ei ) - cj>{{g ei -r i )+)|| + 

+ ||0((^ - r 4 ) + ) - (Ur^((g ei - r l ) + )f/ / || + ||^((^ - r,)+) - V^WH- 

By the inequality (13.161) and the identity ||(g ei — r^) + — g ei \\ = r, it follows that 

||0(^) - ([/OX^eJC/'H <n + (2N n + e) + r l = (2N + 2)r t + e, 

for z = 1, 2, ■ ■ • , k. Since this inequality holds for all numbers r 4 such that 

d w (Cu(0 o X g Ei ), Cu(ip o x 9ei )) < r< < 1 

we conclude that 

U(g ei ) - (U')^(g ei )U f \\ < (2N + 2)d w (Cu(<f>o Xgei ),Cu(iPo Xgei )) + e, 
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for % = 1, 2, • • • , k. This shows that (13. 8p holds for the elements g ei) i = 1, 2, • • • , k. This 
concludes the proof of the theorem. □ 

Theorem 3. Let A be a C*-algebra of stable rank one and let (X, v) be a rooted tree. Let 
<j),ip: Cq(X \ v) — > A be *-homomorphisms. Then 

(3.17) dgF' w >(Cu(^),Cu(V)) < $' V \M) < (2JV + 2)dgF' B) (Cu(0),Cu(^)) l 
where N denotes the number of edges of X. 

Proof. Let us start by proving the first inequality of (13.171) . By Corollary 9.1 of [3] (see also 
Lemma 1 of [20]) we have, for each g G G(X,v), 

d W (Cu(4>OXg),Cu(tjj OXg)) < 4/ ° X<?> ° X S ) 

= in t \\<l>(9) -u*i){g)u\\ 
ueA 

< inf sup 110(5-) - u*ip(g)u\\ 
ueA geG(X,v) 

It follows that 

d { w' v) (Cu((j)) } Cu(ilj)) = sup d w (Cu((j)oXg),Cu('iljoXg)) <d { *' v) ((j),i/j). 

geG(X,v) 

Now let us prove the second inequality of (I3.17p . Applying Theorem[2]to the *-homomorphisms 
(f) and ip we obtain a unitary U G A such that 

U(g) - U*^{g)U\\ < (2N + 2)^(Cu(0 o Xg ), Cu(^ o Xg )) + e, 

for all g G G(X,v). Taking the suprema on both sides of the inequality above with respect 
to g G G(X,v) and then taking the infimum with respect to U G A we obtain 

dff' v \<P,1>) < (2iV + 2)^ ) (Cu(0),Cu(^)) + e. 
Since e is arbitrary, the desired inequality follows. □ 



4. Approximate lifting 

This section is devoted to the proof of Theorem H] below. This theorem states that every 
Cuntz semigroup morphism between the Cuntz semigroups of the C*-algebra of continuous 
functions over a rooted connected tree and a general C*-algebra can be lifted approximately 
to a *-homomorphism between these C*-algebras. Before we proceed to prove Theorem H] 
we need some preliminary results. 

The following result is Lemma 4 of [20]. (Lemma H]is used in the proof of Theorem 4 of [20] 
which is the case of Theorem H] below that the tree is an interval. The proof in the present 
more general setting is somewhat more subtle than the proof on the case of the interval.) 

Lemma 4. Let A be a C*-algebra and let {xk}^ =0 be elements ofCu(A) such that Xk+i %k 
for k = 0, 1, • • • — Then there exists a G (A <g> /C) + with \\a\\ < 1 such that [a] = xq and 
Xk+i [(a — k/n) + ] <ti Xk for k = 1, 2, • • • , n — 1. 
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Lemma 5. Let A be a C*-algebra. Let a,b G A + and e > 0. The following statements hold. 

(i) If a is Murray-von Neumann equivalent (and hence Cuntz equivalent) to b, then (a — e) + 
is Murray-von Neumann equivalent to (b — e) + . 

(ii) If ||a||, < 1, e < I, and a e (b - e) + A(b - e)+, then \\ba - a\\ < 2(1 - e). 

Proof, (i) We must show that (x*x — e) + is Murray-von Neumann equivalent to (x*x — e) + . 
Consider the polar decomposition x = v\x\ of x in the bidual of A. The element y = 
v(x*x — e) 1 / 2 belongs to A and satisfies y*y = (x*x — e) + and yy* = (xx* — e) + . 

(ii) If H&ll < e then the statement is trivial. Let us suppose that ||6|| > e > 0. With 
b e = f e (b), where f e (t) = min(||6||, (t||6||)/e), we have b e {b — e) + = ||6|| {b — e)+ and ||6 — = 
H&ll — e. By the first equation, b e a = \\b\\a, and hence by the second equation, 

\\ba - a\\ < \\ba - \\b\\a\\ + ||(1 - ||6||)a|| < 2(1 - e). 

□ 

Theorem 4. Let A be a C*-algebra and let (X, v) be a rooted tree. Consider a Cuntz 
semigroup morphism a: Cu(C (X \ v)) — > Cu(A) satisfying a[sx] < [ s a]> where sx and sa 
are a strictly positive element of C (X\v) and a positive element of A, respectively. Then for 
every e > there exists a *-homomorphism <p: Cq(X\v) — > A such that d^' v \a } Cu(0)) < e. 

Proof. Let iV be a positive integer (to be specified later). Consider the set G(X, v) of 
generators of the C*-algebra Cq{X \ v) defined in Subsection 12.21 Recall that the elements 
of G(X, v) are indexed by the edges of (X, v). Let e be a fixed but arbitrary such edge. By 
LemmaHl with n = 2 N and x^ = a[(g e — k/n)} for k = 0, 1, • • ■ , n — 1, there exists a positive 
element a e e A eg) /C of norm at most 1 such that a[g e ] = [a e ], and 

(4.1) [(a e - (k + 1)/2 N ) + ] « a{(g e - k/2 N ) + ] « [(a e - k/2 N ) + ], 
for k = 1, 2, • • • ,2^ — 1. Note that for each edge e, 

^2 at[g e ,]<a[(g e -t) + ] 

e' next to e 

for all < t < 1 (as this holds before applying a), and therefore 

(4.2) Yl «M«[(a e -(2 w -l)/2 iV ) + ]. 

e' next to e 

Using the stability of A <g> /C, we may choose the elements (a e ) e€ E(x,v) in such a way that 
a e a e > = if e and e' are beside each other. 

Let < 5 < 1/2 N be such that (14. ip and ( 14. 2 p still hold when the elements a e are replaced 
with (a e — 5) + (the existence of the number 5 follows from (14. ip and (14. 2p . the definition of 
the relation <^, and from the fact that for b = (a e — k/2 ), k = 0, 1, • • • ,2^ — 1 (in fact for 
any positive element 6!), [b] = sup 5 [(6 — and (6 — 5') + <C {b — 5") + if 5' > 5"). Let us 
construct as follows a family of positive elements {b e )e&E(x,v) in A such that b e is Murray-von 
Neumann equivalent to (a e — 5) + , such that b e b e > = if e and e' are beside each other, and 
such that 

(4.3) b e , e (be - W - l)/2 N ) + A(b e - (2^ - l)/2") + 

if b e > is next to b e . Note that by (ii) of Lemma [5] this last relation implies that 

HUv-MI <i/2 N - 1 
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for all edges e and e' such that e' is next to e. 

Let us carry out this construction inductively. Let us start by constructing the positive 
elements b e associated to the edges e that have v as a vertex. Denote by e^, i = 1, 2, • • • , k, 
the edges of (X,v) with one vertex v. Using that the elements a £z , i = 1,2, ••• ,k, are 
pairwise orthogonal we have 

k k 



8=1 



■a 

8=1 8=1 



8=1 



< ol[s x ] < [sa]- 



More briefly, 52 i=1 a ei =^ sa- By Lemma 2.2 of |13j . there is x G A such that 



A 



^^(a 6i — 5) + = j ^^a ei _ 5 J = a^* G sa^4sa = A. 



i=l \i=l 



Let x = V|x| be the polar decomposition of the element x in the bidual of A. Set V(a ei — 
S) + V* = b ei , for i = 1, 2, • • • , Then the elements b ei , i = 1, 2, • • • , k, belong to A and are 
pairwise orthogonal. 

Now let us suppose that we have constructed the positive element b e associated to the 
edge e and let us construct the elements b e > associated to the edges e' that are next to the 
edge e. By the choice of 5, and the fact that a[g e ] = [a e ] for every edge e G E(X,v), we 
obtain from relation (14.21) that 



M«[(a e -5-(2 7V -l)/2 / 



"e'J ^ LV"e — O — — L )/^' 
e' next to e 

By (i) of Lemma applied to the elements (a e — 5) + and b e , and e = (2^ — l)/2 , we have 
[(oe - 5 - (2 N - 1)/2 N ) + ] = [{b e - (2 N - 1)/2 N ) + }. 

Therefore, 

M<[(b e -(2 N -l)/2 N ) + ]. 

e' next to e 

Hence, since the terms of (<v) e ' nex t to e are pairwise orthogonal, 

£ <v ^ (6 e - (2 N - 1)/2 N ) + . 

e' next to e 

Therefore, by Lemma 2.2 of [13] there is y G A <g) /C such that 

Y ( a e' - $)+ = y*y, 

e' next to e 

and 



yy* G (b e - (2" - l)/2")+A(b e - (2" - l)/2")+. 

Let |/ = W|y| be the polar decomposition of y in the bidual of A®K. Set W(a e > — S) + W* = 
b e /. It is clear that the positive elements b e >, e' next to e, satisfy the required conditions. 

Following this procedure we construct positive contractions (&e)eeEpf,«) — one positive ele- 
ment b e for each generator g e of C (X \ v) — such that b e b e i = if e and e' are beside each 
other, and \\b e b e > — b e /\\ < 1/2 N ~ 1 if e' is next to e. It follows that these elements form a 
1/2 N ~ 1 representation in A of the relations ( 12. 4p . 

16 



Fix e > 0. Choose n > 1 such that l/2 n ~ 1 < e. Using the weak stability of the relations 
(12. 4p — which follows from Theorem 5.1 of [16] and Theorem 14.1.4 of [15] — we can choose 
N > n + 1 such that there are positive contractions c e 6/l satisfying c e c e / = if e and e' are 
beside each other, c e c e / = c e > if e' is next to e, and 

(4.4) ||&e-Ce|| <l/2" +1 . 

The elements c e , e G E(X, t>), form a representation of the relations (12.41) in the C*-algebra 
A. Therefore, they induce a *-homomorphism 0: Cq(X \ v) — > A, which is defined on the 
generators of Co (AT \ v) by <p(g e ) = c e . Let us prove that is the desired homomorphism. 

Fix an edge e of (X,v). By Corollary 9.1 of [3] applied to the elements b e — k/2 n+1 and 
c e — k/2 n+1 , k = 0, 1, ■ • • , 2 n+l , (or by Lemma 1 of [20] applied to the elements b e and c e ) 
we have 

[(^ - (k + l)/2" +1 ) + ] < [(C e - fc/2" +1 ) + ], 

[(c e -(A: + l)/2" +1 ) + ]<[(&e-fc/2" +1 ) + ], 

for = 0, 1, • • • , 2 n+1 — 1. Since b e is Murray-von Neumann equivalent to (a e — e) + , by (i) 
of Lemma [5] the relation (14. ip holds for k = 1, 2, • • • , 2 N — 1 when a e is replaced with b e . 
Therefore, 

[(6 e — {k + 1)/2 N ) + ] < a[(g e - k/2 N ) + ] < [(b e - fc/2 w ) + ], 

for k = 1,2, ■ ■ ■ ,2 N — 1. Since > n + 1 the preceding equation implies that 

(4.6) [(b e - (k + l)/2" +1 ) + ] < a[(g e - k/2 n+l ) + ] < [(b e - k/2 n + l ) + ], 

for k = 1,2, ••• ,2 n+1 - 1. 

It follows from the inequalities (14. 5 p and (14.61) that 

[(c e - (k+ l)/2«) + ] = [(c e - (2* + 2)/2" +1 ) + ] < [(6 e - (2k + l)/2" +1 ) + ] 

< a[(g e - 2k/2 n+1 ) + ] = a[(g e - k/2 n ) + ], 

and 

a[(^ e - (* + l)/2 n ) + ] = [(6 e - (* + l)/2") + ] = [(b e - (2k + 2)/2" +1 ) + ] 

<[(c e -2k/2 n+l ) + } = [(c e -k/2 n ) + ], 
for k = 1,2, ■ ■ ■ ,2 n — 1. These inequalities may be rewritten as 

Cu(0)[(^ e - (k + l)/2") + )] < a[(g e - k/T) + ], 
a[(g e - (k + l)/2") + ] < Cu(0)[(^ e - k/2 n ) + ], 

for k = 1, 2, ■ ■ ■ , 2 n - 1. 

Any interval of length l/2 n_1 contains an interval of the form (k/2 n , (k + l)/2 n ) for some 
integer k. Thus, for every t G [0, 1] there exists k such that (k/2 n , (k+l)/2 n ) C (t, t+l/2 n ~ 1 ). 
It follows from the preceding inequalities that 

Cn(<P)[(g e - t - 1/2^)4 < Cu(0)[(^ e - (k + l)/2") + ] 

<a[(g e -k/2 n ) + ] 
< a[(g e -t)+], 
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for t G [0, 1]. Interchanging the roles of Cu(0) and a (noting that they are symmetric) we 
also have 

a[(g e - t - 1/2^)+] < Cu(<j>)[(g e - t) + ], 

for t G [0, 1]. These inequalities can be restated as 

cMCu(0) o Cu(x 9 J), a o Cu(xJ) < 1/2"- 1 . 

(Note that in the definition of the pseudometric dw it is enough to take t in [0, 1].) Since 
the inequality above holds for all e G E(X, v) we conclude that 

^ ) (Cu(0),«)<l/2"- 1 < e . 

□ 

5. Proof of Theorem [Tj and Corollary [TJ 

Lemma 6. Let A and B be C*-algebras with B of stable rank one. Let (f),if>: A — >• B be 
*-homomorphisms such that <f> is approximately unitarily equivalent to if) with the unitaries 
taken in the unitization of B <g> /C. Then is approximately unitarily equivalent to if> with 
the unitaries taken in the unitization of B. 

Proof. Let F be a finite subset of A, and let < e < 1. Let us choose a positive element 
a £ A such that ||a|| < 1, and 

(5.1) ||a 2 /-/||<e, \\afa-f\\<e, 

for all / G F (a can be chosen to be a suitable element of an approximate unit of the 
C*-algebra generated by the elements of F). Since and if) are approximately unitarily 
equivalent with unitaries taken in (B £g> /C)~ there exists a unitary U G (B <g> /C)~such that 

(5.2) WU^U* - iP(a 2 )\\ < 6, \\U4>{f)U* - if){f)\\ < 6, 

for all / G F. Set if>(a)U <fi(a) = z. Then by the triangle inequality and the second inequality 
in (15.11) and (I5.2p we have 

\\z<f>(f)z*-if;(f)\\ = W(a)U<f>(afa)U*if>(a)-ifj(f)\\ < 

< \\if>{a)U{cf>{afa) - <f>{f))U*if){a)\\ + \\iP{a){Ucf>{f)W - ^(/))^(a)|| + \\iP(afa) - iP(f)\\ < 

< e + e + e = 3e, 

for all / G F. Also, using the first inequality in (15.21) we obtain that 

\\z*z - 0(a 4 )|| = \\(f)(a)(Uip(a 2 )U* - 0(a 2 ))0(a)|| < e. 
It follows that || z || < 1 and 

(5.3) - ^(f)\\ < 3e, || \z\ - 0(a 2 )|| < V~e, 

for all / G F, with Lemma [1] being used to obtain the last inequality. Since the C*-algebra 
B has stable rank one we may assume that z is an invertible element of B. Let us denote by 
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W the unitary in the polar decomposition of the element z. Then by the triangle inequality 
and the inequalities ( 15. ip and (15. 3p we have 

\\W<f>(f)W* - V(/)|| < \\W{4>{f) - <j>(a 2 f))W*\\ + WW^WfW* - z<f>(f)W*\\+ 

+ \\z<f>{f)W* - z0(fa 2 )W*\\ + ||#(/)0(a 2 )^* - z<f>{f)z*\\ + \\z<j>(f)z* - ^(/)|| < 

<e + v / e + e + v / e + e< 5^, 

for all / e F. 

Since the finite subset F and the positive number e are arbitrary we conclude that (f> and 
ip are approximately unitarily equivalent with unitaries taken in the unitization of B. □ 

Let A and B be C*-algebras such that A has a strictly positive element — say sa- Let us 
say that the ordered pair (A, B) has the property (P) if for any Cuntz semigroup morphism 
a: Cu(A) — > Cu(B) such that q[sa] < I s b], where sb is a positive element of 5, there exists 
a *-homomorphism 0: ^4 — > B — unique up to approximate unitary equivalence — such that 
a = Cu(0). 

Proposition 5. The following statements hold true: 

(i) Let B be a C*-algebra of stable rank one and let (X, v) be a rooted tree. If the pair 
(Cq(X \ v),pBp) has the property (P) for every projection p of B, then the pair (C(X),B) 
has the property (P). 

(ii) If the pair of C*-algebras (A, B) has the property (P) and B has stable rank one, then 
the pair (M n (A), B) has the property (P), for every nGN. 

(Hi) Let C be a C*-algebra of stable rank one. If the pairs of C*-algebras {A,D) and 
(B, D) have the property (P) for all hereditary subalgebras D of C , then the pair (A © B, C) 
has the property (P). 

(iv) If the pairs of C*-algebras (Ai,B) have the property (P) for a sequence 



then the pair (lini(Aj, p^, B) has the property (P). 

(v) Let A, B, and C be C*-algebras such that A is stably isomorphic to B, and C has 
stable rank one. If the pair (A,C <g) /C) has the property (P), then the pair (B,C) has the 
property (P). 

Proof, (i) Let a: Cu(C(X)) — > Cu(B) be a morphism in the Cuntz category satisfying 
cK[lx]) ^ [ s b\- Let us show that it is induced by a *-homomorphism tp: C(X) — > B. As B 
has stable rank one, the element a([lx]) appears as the Cuntz class of a projection of B, say 
p. We have the following identifications: 

Cu(pBp) ^ {x E Cu(B) I x < oo[p}}, 
Cu(C (X \ v)) = {xe Cu(Cpf)) | x < oo[s x }}, 

where sx is a strictly positive element of C(X, v). It follows that a[sx] < [p], and 

a(Cu(C (X \ v))) C Cu{pBp). 

By assumption the pair (Cu(C (X \ v)),pBp) has the property (P). Therefore, there is 
a *-homomorphism 0: Cq{X \ v) — > pBp such that Cu(0) is equal to the restriction of 
a to Cu(C (X \ v)). Let us consider the restriction of a to Cu(C (X \ v)). Denote by 
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0: C(X) — > B the *-homomorphism which agrees with on Cq(X\v) and satisfies 0(1) = p. 
Then Cu(0) = a. (The proof of this fact is similar to the proof of (i) of Proposition HI) 

Now let us show that if 0, ip : C(X) — > B are *-homomorphisms such that Cu(0) = Cu(ip), 
then they are approximately unitarily equivalent. Since Cu(0)[lx] = Cu(^)[lx] and B has 
stable rank one we may assume that 0(lx) = — P, where p G B is a projection. Let 

us denote by 0', ip' : Cq(X \v) — > pBp C B the restrictions of the *-homomorphisms and ?/> 
to Cq{X \ v). Since Cu(0) = Cu(-0), we have <i^' l '' > (Cu(0'), Cu(^)) = 0. Using the relation 
between dff'^ and d ( ^' v ' > established in Theorem [3], we conclude that d\f' v \<p',if}') = (the 
unitaries taken in pBp). It follows now that and ip are approximately unitarily equivalent, 
as desired. 

(ii) Let us start by showing that any Cuntz semigroup morphism a: Cu(M n (A)) — > B, 
satisfying a[sA <S> l n ] < [ s b], where l n denotes the unit of M n (C), can be lifted to a *- 
homomorphism 0: M n (A) — > B such that Cu(0) = a. 

Let us consider the inclusion map %a'- A — > M n (A) given by Ia{o) = a ® e i,i- The map 
C\x{iA) is an isomorphism. We have 

Cu{A) ^i } Cu(M n (A)) Cu(fl). 

Since the pair (A, 5) has the property (P), there exists a *-homomorphism ip: A — > B such 
that a o Cu(i y i) = Cu(0>). It follows that a = Cu(-0) ° Cu(za) -1 - 
Using the commutativity of the diagram 

A — 

M n (A)^iM n (B) 

we obtain that Cu^ <S> id) = Cu(i^) ° Cu(-0) ° Cu^) -1 , and hence Cu(-0 <8> id) = Cu(i#) o a. 
Therefore, 

[(ip <g> id)(s A ® l n )] = Cu(i B ) o ® l ft ] < Cu(i B )[s s ] = [s B <g) e 1A ). 

Since the C*-algebra A has stable rank one, M n (A) has stable rank one. It follows by (ii) of 
Proposition [1] that there is an element x G M n (B) such that 



(ip <g> id)(s A ® 1„) = x*x, xx* G (s B <8> e 1:1 )M n (B)(s B <8> e^i). 

Let x = U|x| be the polar decomposition of the element x in the bidual of M n (B). Then 
Ad(U*) o (-0 <g) id) is a *-homomorphism with image contained in the hereditary subalgebra 
(sb ® e 1A )M n (B)(s B ® e M ). Also, Cu(Ad(U*) o (ip <g> id)) = Cu(-0 ® id). Denote by 



7: (sb ® ei,i)M n (B)(s fl ® ei,i) -»■ B 

the isomorphism defined by 7(6 (g> e^i) = 6 for all b £ B. Then Cu(7) = Cu^b) -1 , since 
Cu(B ® ei,i) = Cu(5 <g> /C). Set 7 o Ad(V*) o (^ <g> id) = 0. It follows that Cu(0) = a. 

Let 0, -0: M n (A) — > B be *-homomorphisms such that Cu(0) = Cu(-0). Let us show that 
and "0 are approximately unitarily equivalent. Let us consider a finite subset of M n (^4) of 
the form 

{a <S> efc j I 1 < k,l < n,a e F, \\a\\ < 1}, 
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where F is a finite subset of A. Let < e < 1 and let b G A be a positive contraction such 
that 

(5.4) \\bab — a|| < e, \\b 2 a — a\\ < e, 

for all a G F. Since the pair (A, B) has the property (P) and Cu((f>oi A ) = Cu(0oz A ), where 
%A'- A — > M n (A) is the inclusion map, there is a unitary U G B such that 

(5.5) \\U(j){a © e lfl )U* - ip(a ® e x ,a)ll < e ' 
for all a G F U {b 2 }. Let us set 

^2^{b®e iA )U<f){b® ei,i) = z. 
i=i 

Using the inequalities (I5.4p and ( 15. 5p we get for all a G F that 
||z0(a © e M )z* -ij)(a® e k ,i)\\ = \\^{b ® e k) x)U(f)(bab <g> e ltl )U*i()(b ® e^) - ^(a ® e M )|| < 

< ||V'(& ( 8)e M )([/0(&afo®ei ! i)C/*-'0(a(8)e 1)1 ))V(6<8)e 1)Z )|| + ||V(6a6 <g> e fc) ,) - V(a ® e fc)J )|| 

< 2e + e = 3e. 

Also, using the inequality ( 15. 5 p we have 

n 

||z*z - <p(b A © 1„)|| = || ^ 0(6 © e i5l )(f/X6 2 © ei,i)E7 - 0(6 2 © ei,i))^(6 © e hl ) \\ < e. 

i=i 

Hence, we have found an element z G B such that 

(5.6) \\\z\ -0(6 2 ©l n )|| < V^, 

(5.7) ||z0(a © e feii )z* - ^(a © e fc( j) || < 3e, 

for all a G F and fc, / = 1, 2, ■ ■ • ,n. Since F has stable rank one we can approximate the 
element z by an invertible element z' G B in such a way that inequalities ( 15. 6 p and (15. 7p still 
hold when z is replaced by z'. Denote by W the unitary in the polar decomposition of the 
invertible element z' . Then, 

\\W(t>{a © e M )W* - V(a © e M )|| = \\W(</>(a © e M ) - 0(6 2 a © e M ))W*|| + 

+ ||^(0(6 2 © e fc ,,) - |z'|)</>(a © e fc ,,)W*|| + ||^|z'|(0(a © e M ) - 0(a6 2 © e fc) ,))W*|| + 

+ ||H/|z'|0(a® e M )(0(& 2 © e fc)J ) - + \\z'(j)(a © e M )(z')* - V(a ® e M )|| 

< e + Vi + 2e + 2^ + 3e < 

for all a G F and k,l = 1,2, ■ ■ ■ ,n. Therefore, the unitary W E B satisfies 

\\W<p(a® e k ,i)W* -ip(a® e k>l )\\ < 9^, 

for all a G F and /c, Z = 1,2, •■ ■ ,n. This proves that the *-homomorphisms <fi and ip are 
approximately unitarily equivalent. 

(iii) Let a: Cu(A© F) — > Cu(C) be such that a[sA © ss] < [sc], where sa, sb are strictly 
positive elements of A and B, and sc is a positive element of (7. Let us consider the positive 
elements a, b G C©/C such that a[sA©0] = [a] and a[0©ss] = [b]. By the stability of C©/C 
we may assume that a and b are orthogonal. We have 

a[s A © s B ] = [a] + [b] = [a + b] < [s c ). 
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Applying (ii) of Proposition [T] to the C*-algebra C and the positive elements a + b and sc, 
we can find an element x G C © /C such that 

a + b = x*x, xx* G C. 

Consider the polar decomposition x = V\x\ of x in the bidual of C <g) K. Set VaV* = a' and 
VbV* = b'. Then a' and 6' are orthogonal elements of C + satisfying [a] = [a'] and [b] = [&']. 
Also, we have the following natural isomorphisms: 

CuftAd) £ {[z] G Cu(C) | [z] < oo[a'}}, 

Cu(FAF) = {[z] g Cu(C) | [2] < oo[6']}. 

Using these identifications and the fact that Cu(A(B B) is naturally isomorphic to Cu(A) © 
Cvl(B), we can identify the morphism a with a pair of Cuntz semigroup morphisms {ot\, 0:2), 

«i: Cu(A) -)■ Cu(aMa'), Qi[sa] < 
a 2 : Cu(B) -> Cu(E4F), a x [s B ] < [6 2 ]- 

Since by hypothesis the pairs (A, aM.a'), and (B,b'Ab') have the property (P) we can find 
*-homomorphisms 0i: A — > a'Aa', <p 2 : A — > b'Ab' such that Cu(0i) = a% and Cu(02) — ol 2 . 
It follows that the *-homomorphism (f> = (0i, 02 ) '■ A® B — > C induces the morphism a at 
the level of Cuntz semigroups. 

Let <p,ip: A © B — > C be *-homomorphisms such that Cu(0) = Cu(?/>). Let us show that 
(f) and i[) are approximately unitarily equivalent. 

Since Cu(</>) = Cu(^) we have (j)(s A ) ~ V^a)) an d </>(s.b) ~ ^{sb) (we are using the 
identifications A © = A and © B = B). Again by (ii) of Proposition [TJ we can find 
elements xi,x 2 G C such that 

cj)(s A ) = x\x u xix* G i/j(sa)C^(sa), 

<p{s B ) = x* 2 x 2 , x 2 x* 2 G ip{s B )Ci/;(s B ). 

Set Xi + x 2 = x. Consider the partial isometry V in the polar decomposition of a; in the bidual 
of C. Since the elements X\ and x 2 satisfy the orthogonality relations = 0, we 

have 

X\ = V\xi\, x 2 = V\x 2 \. 

It follows from these identities that the map Ad(V*) o<p is a *-homomorphism. Also, we have 
Cu(Ad(K*)o0) = Cu(0). Let us denote by <pA and <j) B the restrictions of the *-homomorphism 
Ad(V*) o to the C*-algebras A and B, respectively. Then 

<Pa(A) C ^(sa)C^(sa), <M#) C ^(s B )Cty(s B ). 

Since by hypothesis the pair of C*-algebras (A, iP(sa)CiP(sa)) has the property (P), the 
*-homomorphism <pA is approximately unitarily equivalent — with the unitaries taken in the 
unitization of the C*-algebra i/j(sa)CiI)(sa) — to the restriction of the *-homomorphism ip 
to the C*-algebra A. In similar way the *-homomorphism <ft B and the restriction of the 
*-homomorphism ip to the C*-algebra B are approximately unitarily equivalent in the uniti- 
zation of the C*-algebra ip(s B )Cip(s B ). It follows that the *-homomorphisms Ad(V*) ocfy and 
ip are approximately unitarily equivalent in the unitization of the C*-algebra C. In order to 
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complete the proof let us show that the *-homomorphisms Ad(V*) o and are approxi- 
mately unitarily equivalent. Recall that V is the partial isometry in the polar decomposition 
of the element x = X\ + Xi- It follows by Proposition [1] applied to the C*-algebra C and 
the element x that for every e > and every finite subset F of the hereditary algebra x*Cx 
there is a unitary U G C~ such that 

\\VzV* - UzU*\\ < e, 

for all z G F. This implies that Ad(V*) o and are approximately unitarily equivalent, 
since <ft(A © B) C x*Cx. 

(iv) Let A = liin(y4j, p,). For each 1 < i < j let pjj : — >■ A, denote the *-homomorphism 
Pj-i ° • • • ° Pi- Also, for each 1 < z let Pi j00 : Aj — )■ A denote the *-homomorphism given 
by the inductive limit. 

Let a: 4 -> 5 be a Cuntz semigroup morphism such that a[s^] < [sb], where sa is 
a strictly positive elements of A, and sb is a positive element of B. For each i > 1 set 
a o Cu(pi j00 ) = aj. We have 

o^saJ = a[Pi,oo(sAj] < a[s A ] < [s B ]- 

where denotes a strictly positive element of Ai. Since the pairs (Ai, B) have the property 
(P) for all i > 1, there exist *-homomorphisms 0j: Aj — >■ -B, such that Cu(0j) = ojj. For 
each i we have Cu(0j) = Cu(0; + i o p^). Hence the *-homomorphisms 0j and 0j + i o pj are 
approximately unitarily equivalent. By Subsection 2.3 of j8] there exists a *-homomorphism 
: A — y B such that for every i > 1 the *-homomorphisms o pj j00 and 0j are approximately 
unitarily equivalent. Since the Cuntz functor is equal in *-homomorphisms that are approxi- 
mately unitarily equivalent we have Cu(0op ioo ) = Cu(0j). Therefore, Cu(0) o Cu(pj j00 ) = a, 
for alH > 1. By the universal property of the inductive limit this implies that a = Cu(0). 

To conclude the proof of (iv) let us show that if homomorphisms 0, ip : A — > B are such 
that Cu(0) = Cu( , 0), then they are approximately unitarily equivalent. For each % > 1 set 
0°Pi,oo = (pi, and , o Pi,oo = ipi- We have Cu(0j) = Cu(^) for i > 1. Since for each i > 1 the 
pair (Aj, 5) has the property (P) the *-homomorphisms 0, and ipi are approximately uni- 
tarily equivalent. It follows that the *-homomorphisms and ip are approximately unitarily 
equivalent. 

(v) The pair (A, C <g> /C) has the property (P) by assumption, and it follows by Lemma 
that the pair (A,C) also has the property (P). It follows by (ii) and (iv) that also the pairs 
(A <g> /C, C) and (A <g> /C, C <g> /C) have the property (P). Since A <g> /C = B <g> /C, the pairs 
(B (g) /C, C) and {B®K,C ®K) have the property (P). 

Let a: Cu(£>) — > Cu(C) be a Cuntz semigroup morphism such that a[ss] < [sc], where 
is a strictly positive element of B, and sc is a positive element of C. Let zb : 5 — )■ 5 ® /C 
and ic'- C C ® K denote the inclusion maps z'b(6) = b® e^i and «c*(c) = c £g> e^i. Then 
Cu(ifi) and Cu^c) are isomorphisms. Since the pair (B <g> JC, C <S> JC) has the property (P), 
there exists a *-homomorphism 0: B®K, — >• Ccg>/C such that Cu(0) = Cu(z'c) o«oCu(jb) _1 . 
We have 

Cu(0 o i B )[s B ] = (Cu(z'o) o a)[s B ] < [s c <g> e^i]. 
By Proposition [1] there exists x G C ® K, such that 



(0 o i B )(s B ) = x*x, xx* G (s c ® ei j i)(C <g) /C)(s c ® ei,i). 
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Consider the polar decomposition x = V\x\ of x in the bidual of C <g> K. Then 
(Ad(V*) o o i B )(B) C (s c <g> ei ) i)(C £g> JC)(sc <8> e^i) = C (g> ei,!, 

and Cu(Ad(V*) o (p o i B ) = Cu(0 o i B ). Denote by 7: C ® e^i — > C the ^-isomorphism 
7(c <8> ei ; i) = c for all c G C. Then 01(7) = Cu^'c?) -1 , since Cu(C <g> e^i) = Cu(C <g> K). Set 
7 o Ad(V*) o cj)oi B = (j)' . It follows that 0' : B C, and 

Cu(0') = Cu( 7 o Ad(V*) o o i B ) = Cu{i c y l o Cu(0) o Cu(i B ) = a. 

Now let us show that if 0, ip : — > C are *-homomorphisms such that Cu(0) = Cu(ijj), 
then they are approximately unitarily equivalent, with the unitaries taken in the unitization 
of C. 

Since Cu(0) = Cu(V0 it follows that Cu(0 ® id) = Cu(ip <S> id), where id: /C — > /C is the 
identity map. This implies that 0®id is approximately unitarily equivalent to ip®id, with the 
unitaries taken in (C ®/C)~ Hence, (-0£g)id) oi B and (/0(g) id) oi B are approximately unitarily 
equivalent. Since the images of both maps are contained in C, and -0 are approximately 
unitarily equivalent with the unitaries taken in the unitization of C, by Lemma El 

□ 

Proof of Theorem^ By the statements (i), (iii), (iv), and (v) of Proposition and by 
Proposition [3] it is enough to prove the theorem in the case A = C (X \ v), where (X,v) is 
a rooted tree. 

The uniqueness of the homomorphism is a special case of Theorem [21 Let us prove 
its existence. By Theorem HI for every n there exists n : Co(A \ v) — y B such that 
d ( w ,v \Cu(4) n ),a) < l/2™+ 2 . It follows by Theorem [2] that 

^ ) (0„,0„ +1 ) < (2A + 2)^ ) (Cu(0 n ),Cu(0 n+1 )) < ^(2A + 2). 

This implies that (0„)„ is a Cauchy sequence with respect to the pseudometric dtp . By 
(ii) of Proposition HI the space Hom(C (A \ v), B) is complete with respect to S^ ,v \ Hence, 
there exists 0: C (X\v) — > B such that d)j' v '(<fi : n ) — >■ 0. By the first inequality of Theorem 

El 

^(Cu(0),«) < ^ ) (Cu(0),Cu(0 n )) +^ ) (Cu(0 n ),a), 
< rf^ } (0,0 n ) + ^ } (Cu(0 n ),a) -> 0. 

In other words, d\^' v \Cu((f)) , a) = 0. Since, as shown in (i) of Proposition HI is a 

metric, we have Cu(0) = a, as desired. □ 

Proof of Corollary U\ Let A and B be sequential inductive limits of separable continuous- 
trace C*-algebras with spectrum homeomorphic to a disjoint union of trees and trees with 
a point removed. Let a: Cu(A) — > Cu(B) be a Cuntz semigroup isomorphism such that 
o>[sa] = [sb\- Then by Theorem [H there are *-homomorphisms 0: A — >■ B and ip: B — )■ A 
such that Cu(0) = a, and Cu(-0) = a" 1 - We have Cu(0 o ijj) — Cu(id^) and Cu(-0 o 0) = 
Cu(ids), where id^ and id B denote the identity endomorphisms of A and B. Therefore by 
the uniqueness part of Theorem [Q o ijj and id^, and ip o and id B are approximately 
unitarily equivalent. Hence, by Theorem 3 of [TU] (cf. Section 4.3 of [ID]), there exists 
an isomorphism p: A — >■ B approximately unitarily equivalent to 0, and in particular by 
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definition of Cvl(B) such that Cu(p) = Cu(0) = a. The *-homomorphism p is unique — up 
to approximate unitary equivalence — by Theorem [TJ □ 



5.1. Remarks. It follows from (v) of PropositionOthat Theorem [T] still holds if A is taken to 
be a full hereditary subalgebra of a C*-algebra that can be written as a sequential inductive 
limit of separable continuous-trace C*-algebras with spectrum homeomorphic to a disjoint 
union of trees and trees with a point removed. The same applies to Corollary [1] for the 
C*-algebras A and B. We don't know if in general every such full hereditary subalgebra 
can be written as a sequential inductive limit of continuous-trace C*-algebras with spectrum 
homeomorphic to a disjoint union of trees and trees with a point removed. We have the 
following partial result: 

Proposition 6. Let A be a full hereditary subalgebra of a C*-algebra that can be written as 
a sequential inductive limit of continuous-trace C*-algebras with spectrum homeomorphic to 
a compact tree. Then A can be written as a sequential inductive limit of continuous-trace 
C* -algebras with spectrum homeomorphic to a compact tree. 

Proof. Let B = linii?j, where each Bi is a continuous-trace C*-algebras with spectrum 
homeomorphic to a tree. Let A be a full hereditary subalgebra of B. Since B has stable 
rank one, by Corollary 4 of [1] the C*-algebra A can be written as a sequential inductive limit 
of hereditary subalgebras of the C*-algebras B i: i = 1, 2, • • • . Let us denote these hereditary 
subalgebras by Ai, i = 1,2, It follows that each C*-algebra Ai is a continuous-trace 
C*-algebra. Therefore, we have 

lim(C (i i ) ® K) = Um{Ai ® /C) = A®1C = B <g> /C. 

Since B®1C = lim(C(i?j)(g>/C), the C*-algebra £>cg>/C contains a nonzero projection. It follows 
that for % large enough the C*-algebras Ai <g> JC also contain nonzero projections. Therefore, 
Ai is compact for i large enough. Since for each i — 1, 2, • • • , the C*-algebra G(Ai) <E> /C is a 
hereditary subalgebra of C(Bi) Cg) K., and Bi is a compact tree, then for % large enough the 
set Ai is a compact tree. This concludes the proof of the proposition. □ 
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